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PelimfiEnes m a highly connected subgraph [Mader, 1972];

m a large clique as a minor [Kostochka, 1982; de la Vega,
1983];

m a large clique as a topological minor [Bollobés and
Thomason, 1998];

m a large biclique as a subgraph or a subdivision of some
prescribed graph as an induced subgraph [Kuhn and
Osthus, 2004];

m a k-linked subgraph [Thomas and Wollan, 2005].
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m Cycle C with high number of chords
[Gupta, Kahn and Robertson, 1980];
Moreover, contracting edges of C yields a graph with high
minimum degree.

m A large clique as a cyclic minor.
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A lollipop L = (P, C) in a graph G is a pair where
P=pi...ps(s>1)isapathof G, C=c;...cec1 (t >3) is
a cycle of G, ps = c; and V(P)N V(C) ={c1};

Preliminaries

p1 Ps-1 ¢ A lollipop L is optimal if:
m L is vertex-wise
1 Ps_1c1 c maximal and
m among all lollipops on
Figure: Two representations of a V(L), L has a cycle of
lollipop L. maximum length.
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Lemma

If G[C] contains a Hamiltonian path with ends ¢; and u, then
Ng(u) C V(C).
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S ={aaw...c,ccci1...0}.
m For all i > 1, define Sj+1 from S;.
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c v ow ues;

o v D u
C1 v ;,W: : e Sit1

Figure: Construction of an element of S;1 from an element of S;.
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et m An active path is any path @ from some S;;

Preliminaries m By extension, we also call active vertex every vertex
u # c1 that is an end of an active path.

c v ow ues;

1 v D u
An edge of C whose
both ends are non-active

‘w Sit1 is passive.

Figure: Construction of an element of
Siy1 from an element of S;. 2/61
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C contains at least k active vertices. Moreover, if dc(c1) < k,
then C contains at least k 4 1 active vertices.

Dense cycles

Theorem [Gupta, Kahn and Robertson, 1980]

C contains at least k + 1 vertices of degree at least k (in C).

In particular, C has at least Wl)zﬂ chords.
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Cyclic clique
minors

Beatriz M. Lemma

If R is a subpath of C containing only passive edges and u is
Dense cycles an active vertex, then u has at most one neighbor in R.
Moreover, such a neighbor is an end of R.

Theorem

There exist sets X1, Xo € E(C) so that for i € {1,2}, the
graph G; obtained by deleting all vertices not in C and
contracting the edges of X; has at least k vertices and

m minimum degree at least [%1 if i=1, and

m average degree at least %(k +1)ifi=2.
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Let C be a Hamiltonian cycle of a graph F. If F has minimum
degree at least 3, then we can contract edges of C to obtain
Ky. If F has average degree at least 6, then we can contract
edges of C to obtain Ks.

Cyclic minor
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K, and Ky as a cyclic minor

Cyclif: clique
Beatriz M.
= Ad(F) > 6
m |E(F)| > 3|V(F)|
Cyclic minor u ‘E(F/e)’ S 3’V(F/e)‘ — 1= 3‘V(F)| —4 S ’E(F)‘ —4

e is contained at least in three triangles.

Definition

Let z1, ..., z: with t > 3 be the common neighbors of the
ends of e in F, in order along the path C — e. We say that the
vertices z, ..., zz_1 are the peaks for e.
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K4 and Kjs as a cyclic minor

Cyclic clique
minors

Beatriz M.

Cyclic minor

<

Figure: Model of a K5 cyclic minor.
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Upper bound for the minimum degree
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f(k) is the smallest integer ¢ such that every graph of
Cyclic minor minimum degree at least § contains Ky as a cyclic minor.

Corollary

f(4) =3 and f(5) <8.
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f(k) is the smallest integer ¢ such that every graph of
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Corollary

f(4) =3 and f(5) <8.

Lemma
f(k) = O(kz).
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Upper bound
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Lemma [Thomas and Wollan, 05]

Cyrlfie miner Exists a constant ¢ > 0 such that for every integer t, every
graph of minimum degree at least ct contains a t-linked
subgraph F.
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Lemma [Thomas and Wollan, 05]

Exists a constant ¢ > 0 such that for every integer t, every
graph of minimum degree at least ct contains a t-linked
subgraph F.

Cyclic minor

Ui e——e \
Uy e——o V-
Idea: 2 3
U3z e——o V4

m Exists a cycle passing trough

Vi,..., Vs in order Ui e——e Vit1
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Upper bound
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Lemma [Thomas and Wollan, 05]

Beatriz M.

Exists a constant ¢ > 0 such that for every integer t, every
graph of minimum degree at least ct contains a t-linked
Cyclic minor Subgraph F

V2
u» V3
Idea: u3 V4

m Exists a cycle passing trough

s Ui e———o Vj11
Vi,..., Vs in order

ui/? ’
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Upper bound
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m H k? linked o
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Upper bound

f(k) = O(k?)
Cyclif: clique
Beatriz M.
2
Cyclic minor u 5(G) 2 Ck
m H k? linked
m k(k — 1) labels
m V=

Vk-1)(i-1)+15 -

© V(k=1)(i—1)+(k—1)}
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Open questions

Question

Could it be that f(k) = O(k+/log k), matching the bound for
normal minors from [Kostochka, 82; de la Vega, 83]?

Question

Which minimum degree that implies a K5 as a cyclic minor?

Question

Is there a simple criterion for a sequence of vertices to be an
active path of K,,?

Question

Is there a function f that tends to oo such that every graph
with minimum degree 3 contains a cycle of length ¢ with at
least f(¢) chords?

60 /61



Cyclic clique
minors

Beatriz M.

Concluding

remarks

=

EIR

— —

— . —

— . — l
ENS DE LYON

61/61



	Preliminaries
	Dense cycles
	Cyclic minor
	Concluding remarks

